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Abstract. Three main physical processes (and associat-
ed properties) are currently used to describe the flux
and anisotropy time profiles of solar energetic par-
ticle events, called SEP profiles. They are (1) the particle
scattering (due to magnetic waves), (2) the particle
focusing (due to the decrease of the amplitude of the
interplanetary magnetic field (IMF) with the radial
distance to the Sun) and (3) the finite injection profile at
the source. If their features change from one field line to
another, i.e. if there is a cross IMF gradient (CFG), then
the shape of the SEP profiles will depend, at onset time,
on the relative position of the spacecraft to the IMF and
might vary significantly on small distance scale (e.g.
106 km). One type of CFG is studied here. It is called
intensity CFG and considers variations, at the solar
surface, only of the intensity of the event. It is shown
here that drops of about two orders of magnitude over
distances of 104 km at the Sun (1 of angular distance)
can influence dramatically the SEP profiles at 1 AU.
This CFG can lead to either an under or overestimation
of both the parallel mean free path and of the injection
parameters by factor up to, at least, 2–3 and 18,
respectively. Multi-spacecraft analysis can be used to
identify CFG. Three basic requirements are proposed to
identify, from the observation, the type of the CFG
being measured.
Key words: Solar physics, astrophysics, and astronomy
(energetic particles; flares and mass ejections) – Space
plasma physics (transport processes)
1 Introduction
1.1 Description of SEP (protons and electrons)
Particles are regularly accelerated by the solar activity
through magnetic recombination and/or shocks (e.g.
Lin, 1974; Lin et al., 1995). They are called solar
energetic particle events or SEP for short. They can be
accelerated in the interplanetary medium or at the Sun.
Recently, comprehensive models have been proposed to
describe the properties of energetic protons, of a few
tens of keV to hundreds of MeV, accelerated by
propagating interplanetary shocks; (e.g. Kallenrode
and Wibberenz, 1997; or Lario et al., 1998). Such
models do not yet exist for particles accelerated at the
Sun because the acceleration mechanisms are far more
complex and less understood than in interplanetary
shocks. Energetic particles, accelerated at the solar
surfaces, present the following features: (1) a short
injection at the Sun (i.e. from a few minutes to hours),
(2) a fast propagation, 30 min/AU for 30 keV elec-
trons and (3) a total energy small enough so that they do
not disturb the general pattern of the interplanetary
magnetic field (IMF) (Roelof, 1969). They have been
used over the last decades as tracers to get snapshots of
the heliospheric conditions. For instance, they helped to
understand the topology of magnetic structures (Ander-
son and Dougherty 1986; Lin and Kahler, 1992;
Anderson et al., 1992, 1995), or to identify and quantify
various physical phenomena taking place in the helio-
sphere. Transport conditions have been studied for the
last 40 years. They refer to processes influencing the
particle distribution function, after the particles have left
their acceleration region.
1.2 Main physical processes responsible
for the observations
The observations considered in this analysis are the flux
and the anisotropy time profiles of energetic
(E > 30 keV) electrons accelerated at the Sun. So far,
three independent physical processes have been identi-
fied to describe them. The first two are concerned with
the transport condition. They are the scattering (e.g.
Axford, 1965) and the focusing (Roelof, 1969) processes.
The third one refers to the injection (acceleration and
release) of the particles in the interplanetary medium
(Reid, 1964; Axford, 1965; Schulze et al., 1977). All
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three processes are described together with some of the
properties that had been considered and compared to
observations so far.
1.2.1 Scattering. Some scattering mechanisms combined
with impulsive injections at the Sun were quickly
suggested to account for the properties of the intensity
versus time profiles (Axford, 1965; Parker, 1965). It is
now part of all models and characterised by the pitch
angle diusion coecients, jz; l and/or the spatial
diusion coecient D; note that D can be calculated
from jz; l (e.g. Jokipii, 1966; Kunow et al., 1991).
Because it was shown early on that the scattering
perpendicular to the IMF was negligible (e.g. Palmer,
1982) D is now understood as Dk. The expression of
jz; l varying from one model to another, a more
convenient scalar parameter, the mean free path (k), has
been defined. The numerical value of k can be either
adjusted to the observation or calculated a priori from
IMF fluctuations. Because the solar wind is a collision-
less plasma (due to the low value of the proton density),
a magnetic origin of the scattering is assumed when k is
calculated (Roelof, 1969). The most widely studied
model has been initiated by Jokipii (1966) and Hass-
elmann and Wibberenz (1968); for a tutorial review see
Kunow et al. (1991). The model considers the non-
adiabatic resonant interaction of small magnetic irreg-
ularities, which is also called the quasi-linear theory
(QLT). The magnetic field irregularities, input in the
QLT, are generally waves described by the power
spectral tensor. The ‘‘slab model’’, used in combination
with the QLT, considers that the waves are Alfve`n
waves. The comparison between theory and observa-
tions frequently, but not always (e.g. Wanner and
Wibberenz, 1993), shows qualitative and quantitative
discrepancies (e.g. Wibberenz et al., 1970; Palmer, 1982;
Kallenrode, 1993). For instance, for MeV protons,
theoretical values of the parallel mean free path are
usually smaller than their observational counterparts by
a factor 10. This implies that the observations and/or
the theory are either wrong or incomplete. The identi-
fication of mechanisms, other than scattering, acting on
the shape of those SEP flux and anisotropy profiles,
hereafter called SEP profiles, is therefore fundamental to
make a good description of the diusion coecient.
Those mechanisms could be either some independent
physical processes, such as the injection profile or the
focusing, or properties of the scattering. The latter have
attracted a lot of the attention. Some examples of what
have been studied so far are given. However, because it
would be too long to develop and because some
questions are still open the conclusions are not reviewed.
Instead, examples of references, among the most recent
ones addressing the subject, are provided.
1. Does the mean free path have a radial dependency
(k deduced from the time profiles observation is
actually an average value along B.)? (e.g. Kallenrode,
1993; Wanner and Wibberenz, 1993).
2. How are the electron and proton mean free paths
related? (e.g. Kallenrode, 1993; Bieber et al., 1994).
3. Does diusion coecient depend on the rigidity R?
(e.g. Palmer, 1982; Kunow et al., 1991; Kallenrode,
1993; Bieber et al., 1994) where R  Pczjej where P is the
particle momentum, c the velocity of light, z the
atomic number and e the electronic charge.
4. Can a scattering across magnetic field lines influence
the time profile significantly? (Morfill et al., 1979;
Scholer et al., 1979; Wanner and Wibberenz, 1993).
1.2.2 Focused transport. The main idea of the focused
transport process is to collimate the particles along the
field line via the divergence of the IMF, i.e. via the
tendency to conserve the first adiabatic invariant. A
dierential equation combining both the scattering and
the focused transport has been proposed by Roelof
(1969). It assumes that the energy of the particles does
not change. This implies that the particles that can be
described by this equation must move fast enough so
that the influence of the solar wind convection and of
the adiabatic deceleration (due to the expansion of the
plasma in the interplanetary medium) can be considered
as negligible. In Roelof ’s (1969) equation, the focusing
is characterised by the variation of a static magnetic field
with the radial distance to the Sun: B(r). Therefore, the
expression of B(r) can influence the SEP profiles. Ng and
Wong (1979) performed the study assuming a monopo-
lar, archimedean or exponential magnetic field. Unlike
the scattering or finite injection profile, no observational
features have been proposed to separate the respective
influence of B(r) and of the diusion coecient. This
means that to find one we have to assume the other. In
the models, it is usually B(r) that is assumed and
described by an archimedean spiral of which main
parameter is the average solar wind speed at the time of
the event.
1.2.3 Finite injection profile. Reid (1964) and Axford
(1965) proposed a scenario in which the flux and
anisotropy profiles resulted from the combination of a
finite injection (as opposed to a time delta-function
injection) followed by some scattering mechanism.
However, it was not until 1977 that Schulze et al.
proposed to quantitatively estimating the relative influ-
ences on the anisotropy of the scattering and of the finite
injection profile.
Numerous models have been proposed to study the
injection of the particles from the solar corona into the
interplanetary medium (see Kunow et al., 1991 for
review). All those models use parameters, like tc and tl
in Eq. (5), of which numerical values is obtained by
fitting indirect measurements, like the flux and the
anisotropy at 1 AU. Unfortunately, so far, there were
no direct observations of injection profiles thus prevent-
ing an exact checking of the quality of the numerical
values got and, subsequently, of the models. However,
the high quality of the new ISTP (International Solar
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Terrestrial Physics) data is currently bringing new
insight in that matter (e.g. Maia et al., 1998; Pick et al.,
1998).
1.3 Interest of this paper
Because of the convection, which reduces to corotation
in a steady state, of the IMF, if one or several
parameters describing the SEP profiles vary from one
field line to another then the measured profiles will be
highly dependent on the position of the spacecraft. In
this work this phenomenon has been given the generic
name of cross-field gradients or CFG for shorter. This
concept is not new (e.g. Ng and Gleeson, 1976) and is
usually presented in the context of a case study. For
instance, coronal transport can certainly create CFG by
changing the amplitude and shape of the injection
profile from one field line to another. From this
assumption, Wiberrenz et al. (1989) showed that they
could reproduce the observations of two events made by
Helios 1 and 2 and by Prognoz 6. However, earlier,
Morfill et al. (1979) showed that, at 1 AU, assuming a
magnetic (QLT) origin of the scattering, the diusion
coecient could vary with the solar longitude. Follow-
ing that observation, Scholer et al. (1979) showed that
this scattering across IMF lines could also have
significant impacts on the SEP profiles. This leads to
questions like: (1) from the observation point of view, how
can we separate CFG due to coronal transport from CFG
due to variable scattering conditions? or (2) Can CFG be
generated by other mechanisms than the two described?
Using as support the case study of variation of the
intensity of the injection at the source, called hereafter
intensity CFG, this work addresses the following ques-
tions:
1. What are the features of the intensity CFG?
2. What can be the consequences of neglecting the CFG
when estimating the classic parameters? For simplic-
ity let us call classic parameters the mean free path
parallel to B and the injection profile parameters (k, tc
and tl, see later), the CFG parameters the parameters
controlling the shape of the gradient (a, b, c and d, see
later) and the searched parameters the classic plus
CFG parameters.
3. How can several spacecraft be used to detect and
identify the origins of CFGs from observations?
2 The intensity CFG
In this chapter, the general concept of CFG and its
influence on the SEP profiles is first presented. Then, the
particular case of intensity CFG and the model used to
implement it, are described. Finally, a quantitative
analysis of the influence of the intensity CFG on the
SEP profiles and, more particularly, on the classic
parameters values is given.
2.1 The concept of CFG
Electron flux time profiles measured at two closely
located spacecraft should be similar if, during all the
duration of the event, the convected magnetic field lines
crossing the spacecraft, are always connected to the
same acceleration/release/propagation region. In the
case of CFG, both spacecraft are crossed by the same
field lines but the latter are not connected to the same
acceleration/release/propagation region. This is illus-
trated on Fig. 1. This lack of homogeneity creates flux
profiles that vary, in the solar wind frame, from one field
line to another. Due to the solar wind convection, the
spacecraft moves across those field lines. Therefore, the
profile that it will measure will be a space-time cut of
the time intensity profiles on each field line and of its
trajectory across them. Because the relevant part of the
trajectory starts at the onset time two spacecraft
positioned dierently, along an identical solar wind
path, will have two distinct trajectories through the
IMF. Hence, the shape of the measured time profiles
will vary with respect to the position of the spacecraft, at
onset time.
It has to be noted that, in Fig. 1, it is assumed that
both spacecraft record the onset at the same time, i.e.
that they are located at the same distance from the
source. This assumption is valid for the near-Earth
ISTP spacecraft. Indeed, the maximum radial distance
that separates Earth orbiting spacecraft from space-
craft situated at the Lagrangian point or on elongated
orbit, like WIND, ACE or SOHO, is of the order of
106 km. Such separation at 1 AU has little impact on
the distance to the Sun along the spiral field line
Fig. 1. This describes the CFG concept. Each solid line represents
flux profiles that could be measured, in the solar wind frame, on
individual adjacent field lines. Intensity CFG has been chosen as
example; i.e. the maximum varies from one field line to another.
Because of the convection, spacecraft will go through those field lines
as time goes on. Therefore, the profile measured at the spacecraft will
be the convolution of the flux profiles on each field line with its
trajectory among the latter. It will vary with the position of the
spacecraft, along the solar wind path, at the onset time. The dashed
line represents profiles that would be measured by two spacecraft
located at dierent radial distance from the Sun, at the injection time,
with such CFG
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(1%). However, it is very significant for the convec-
tion since it will take typically 1 h for a field line seen
at the Lagrangian point to reach an Earth orbiting
spacecraft.
2.2 The model for the intensity CFG
To get the profiles at one spacecraft one has first to
provide time profiles on each field lines and calculate the
convoluted profile for a given trajectory, i.e. spacecraft
position.
2.2.1 SEP profiles with delta-function injection on
individual IMF lines. Initial SEP profiles are generated
using a model considering all three main physical
processes and detailed by, e.g., Kallenrode (1993). The
transport, scattering and focusing processes, are de-
scribed by Roelof ’s (1969) equation which provides,
when integrated, the distribution function f z; l; t:
@f
@t
 lm @f
@z
 ÿ 1ÿ l
2
2L
m
@f
@l
 @
@l
jz; l @f
@l
 
1
where z is the distance travelled by the particles along B,
l is the cosine of the pitch angle, v the particle velocity,
jz; l the pitch angle diusion coecient and L the
focusing length given by the expression (first adiabatic
invariant):
L  ÿBz
.@z
@B
2
This above equation provides a delta function injection
at the Sun, f , i.e. an injection of all particles in a time
infinitely short. However, the real injection time takes a
while. Therefore, finite injection profiles are required to
describe the profiles seen by the spacecraft. For
collisionless plasma, they influence the profiles at a
given spacecraft according to the following relation
(Schulze et al., 1977):
F t; z; l 
Z t
0
Is  f t ÿ s; z; lds 3
where F represents the flux time profile at the distance z
from the source, at the time t, and pitch angle cosine l.
Is is the intensity time profile of the source at the Sun.
The model and its limitations have already been
described many times in the literature (e.g. Kunow
et al., 1991; Kallenrode, 1993) and, therefore, will not be
re-described again here. Rather, the key inputs to the
model used here are provided i.e.:
1. Consistently with previous work (e.g. Kallenrode,
1993), kr, the radial mean free path is kept constant.
kr is related to the parallel (to B) mean free path, kk,
by the relation:
kr  kk cos2 w 4
where w is the angle between the Sun-spacecraft line
and the archimedean magnetic field.
2. The solar wind speed required to calculate L has been
arbitrarily taken as to 440 km/s.
3. The analytical form of the initial z and l distribution
is given by Ng and Wong (1979). The parameters
have been chosen so that the spatial distribution:
(a) is narrow along z: the FWHM of the distribution
has been arbitrarily taken equal to about 0.015 AU;
(b) is close to the Sun: the distance to the Sun of the
maximum of the distribution function is about
0.024 AU; and (c) the initial function is quasi-
isotropic.
4. The intensity time profile of the source at the Sun
used is the Reid-Axford profile:
It / 1
t
exp ÿ tc
t
ÿ t
tl
 
5
where tc is the coronal diusion and tl the loss time
(Kunow et al., 1991).
5. The numerical value of kk is derived from the pitch
angle diusion coecient by the expression (Jokipii
1966; Hasselmann and Wibberenz, 1968) for diusive
model:
kk  3m
8
Z1
ÿ1
1ÿ l22
jl dl 6
This relation has been established assuming a purely
diusive transport mechanism. This means that for
weak scattering, the focusing process is going to
become predominant and will modify the meaning of
that expression. However, as pointed out many times
(e.g. Wanner and Wibberenz, 1993) it can still give an
idea of the scattering strength of the interplanetary
medium.
2.2.2 Implementation of the intensity CFG in the
model. Heliolongitude variations of the intensity of the
injection profile can be described by radial variations for
a given time and Sun-spacecraft direction. The corota-
tion can then be described by the convection of that
radial profile along the same Sun-spacecraft direction.
This means that both spacecraft are crossed by the same
field lines, propagating radially from the Sun with a
constant w angle, and carrying each a distinct intensity
value of the injection profile. This scenario is mathe-
matically described by the coecient Ar added to the
Reid-Axford equation, r being the radial distance to the
Sun:
It  Ar 1
t
exp ÿ tc
t
ÿ t
tl
 
7
Within that scenario, the numerical expression of Ar
has been arbitrarily chosen as equal to:
Ar  a exp
ÿrÿb2
c
 
 d 0  r  b
a d b  r
(
8
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This equation provides a wide range of density profiles
of which values evolve between a d and d.
2.2.3 Influences of the numerical integration on the time
profile. One of the eects of the numerical integration
becomes less and less negligible when the focusing
and the scattering are weak simultaneously, i.e. when
the particles are far from the Sun and when the mean
free path is large. When such a situation occurs, the
particles do not move from one pitch angle to another.
Particles with low pitch angles will propagate faster than
particles with high pitch angle and will be separated
from the latter. In extreme conditions, i.e. far away from
the Sun with no focusing and no scattering, the flux
would be a succession of discrete arrivals of particles.
Within the conditions encountered in this work, and
more particularly with a kr of 1.1 AU, the eects of the
numerical integration are present but limited. For
instance, there are ‘‘bumps’’ in the decay phase of the
SEP profiles. Because these eects increase with kr,
profiles with high mean free path must be considered
cautiously. To reduce that eect, one could decrease the
step values used in the integration. However, it would
increase the integration time, already quite long on the
computer used.
2.3 The analysis: method and results
The aim of this analysis is to assess the influence of the
intensity CFG on the SEP profiles and on the determi-
nation of the classic parameters. Before giving the
results, it is first shown how the v2 has been used for
both objectives.
2.3.1 Use of the v2. The v2 quantity is very appropriate
to assess how dierent or, equivalently, similar, are two
profiles. It is therefore very suitable to achieving both
objectives. The v2 is defined by the expression (e.g.
Bevington and Robinson 1994):
v2 
XN
n1
yan ÿ ybn2
ran2  rbn2
9
where ym is a population of N data points (measured or
theoretical) and rmn the standard deviations of each data
point of each population; here, each yn value is
considered being an average value with an uncertainty.
If the analytical function is correct, N large enough, and
the values of rmn well estimated then, in average:
yan ÿ ybn2 
ran  rbn2  ran ÿ rbn2
2
10
yan ÿ ybn2  ran2  rbn2 11
in other words:
v2  N 12
In reality, the expression used is the reduced chi-square
that must be close to one:
v2v 
v2
m
13
where m is the total number of degrees of freedom.
To study the relative influence of the searched
parameters on the flux and anisotropy profiles, m is
equal to N , the total number of data points. To assess
the impact of the CFG on the values of the classic
parameters, at a given location of the heliosphere, flux
and anisotropy profiles first have to be created using the
CFG. Then the values of the classic parameters have to
be fitted without any CFG. Once done we can assess the
influence of the CFG by comparing the ‘‘true’’ to the
‘‘apparent’’ values. This requires the simultaneous
fitting of several independent profiles which is accessible
to the v2 method. Indeed, fitting data using the chi-
square method aims to minimise the quantity:
v2 
XN
n1
yn ÿ yxn; a1    aM 
rn
 2
14
What has to be noted is that rn is associated with each
data point individually (see later for a definition of rn).
This means that the expression would still be valid even
if two functions were fitted simultaneously under the
same v2:
v2 
XN
n1
yn ÿ yxn; a1    al
rn
 

XM
m1
ym ÿ yxm; b1    bp
rm
 2
 N M 15
In that case, m, the degree of freedom used in the
calculation of the v2t equals: N M ÿ P , where N M
represents the total number of data points, all profiles
included and P the number of parameters. The Mar-
quardt-Levenberg (see Bevington and Robinson, 1994;
Numerical Recipes, 1989) method has been used to fit
the data.
It is clear, from this mathematical expression of the
v2t , that the estimation of the r
t
n, where n is the
spacecraft id and t the type of profile, is going to be of
major importance in determining the v2t values. Follow-
ing the justifications provided in the Appendix, the
expressions presented hereafter have been used, for the
flux and anisotropy uncertainties (i.e. rfn and r
a
n,
respectively).
Flux uncertainty:
rf  af

yf
p
16
Anisotropy uncertainty:
ra  a
a
ya
p 17
Where yfn represent the flux values, a
f and aa two
arbitrary coecients. For simplicity, it has been as-
sumed that those values are the same on both spacecraft
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so justifying the drop of the n index. The meaning of v2t
value will therefore depend on the meaning of the af and
aa coecients. To compare one simulated profile, or fit,
to another, the af and aa coecients have been assumed
known and, therefore, kept identical.
2.3.2 Searched parameters and position of the space-
craft. The number of combinations of the key param-
eters (e.g. solar wind speed, spacecraft positions,
injection profile, diusion coecient...) is, of course,
very large. Therefore only a few scenarii are presented
and developed here as examples. The range of values
used is presented in Table 1. A spacecraft configuration
similar to the one of the ISTP spacecraft has been used.
The intensity CFG features, accessible to such config-
uration, have been studied.
It has already been shown (Schulze et al., 1977) that
the anisotropy and flux profiles respond dierently to
the injection profile. Therefore, in order to simplify the
analysis, only comparisons of profiles of the same type
have been done (i.e. flux versus flux and anisotropy
versus anisotropy).
Looking at Figs. 2 and 3, what stands out is the
influence of the sharpness of the intensity CFG on the
profiles. One can see that sharp decreases have almost
no eect (Fig. 2a) while moderate decreases influence the region of flux profile situated around two hours after
onset (Figs. 2b, c and 3). Long decreases influence
mostly the decay phase of the flux profiles (Fig. 2d).
Some interesting features, like the broken rising flux
profile of the upstream spacecraft of Fig. 2c, can also be
seen. Probably one of the most interesting ones is that
intensity CFG can create peaks in the flux profile (e.g.
Fig. 2b, c) that are very similar to those usually
associated to scatter-free events (e.g. Lin, 1974). The
probability of misinterpretation is described in the next
section.
For a quantitative estimate of the influence of the
searched parameters, for a given spacecraft configura-
tion, an analysis of the v2t values has been performed.
Table 2a shows the variations of the v2t values with
respect to the kr, tc, tl and c parameters, for a given
spacecraft configuration. The influence of the position of
the spacecraft on the SEP profile increases with the v2t
value. The anisotropy v2t values always show small
values. If they were coming from measurements, they
would indicate no significant discrepancy between the
profiles. Therefore, with the intensity CFG, anisotropy
profiles are unlikely to show significant variations from
one spacecraft to another. Oppositely, the flux v2t shows
big variations with meanings going from insignificant to
very significant discrepancies between the profiles.
Therefore, hereafter, any reference to ‘‘v2t ’’ will mean
‘‘v2t of the flux profile’’.
The main fact is that the v2t values depend on two
factors: the duration and the amplitude of the discrep-
ancy between the two profiles. Let us see how these
parameters play on these two factors.
Variation of the v2t with c is not monotonic (Ta-
ble 2a). It goes to a maximum at c  cmax  10ÿ4 (note
that the real cmax is not necessarily equal to 10ÿ4).
Table 1. Range of parameter values used during the simulations of
the flux and anisotropy profiles
Radial distance to the Sun of both spacecraft: 1 AU from the Sun
(i.e. 1.2 AU along Parker’s spiral with a solar wind speed
of 440 km/s)
Convection time in between the 2 spacecraft: 45 min, which
corresponds to a radial distance of 1.2 · 106 km with a
convection speed of 440 km/s
Energy of the particles: 26 keV
Background level before onset: 10 part./cm2. s.sr.keV
Maximum flux without background: 1000 part./cm2. s.sr.keV
Flux and anisotropy uncertainty coecients: af  1:0 and aa  0:3
Mean free path, kr, in AU: 0.08 AU, 0.27 AU and 1.11 AU
(for SEP profiles comparison only), typical values of the
Palmer consensus
Parameters of Eq. (11) controlling the amplitude of the
intensity CFG:
 a = 5 · 10)4, d = 500; i.e. the intensity of the density
at the source will decrease by 2 orders of magnitude
 b = 1.0 AU; i.e. the intensity starts decreasing at the field
line connecting the downstream spacecraft at the time
of the injection
 c = 10)5, 10)4 and 10)3, i.e. such that the intensity CFG is
high, intermediate and low
 the gradient has a positive slope in direction pointing
outward from the Sun
Let’s call positive intensity CFG, intensity CFGs for which the
intensity increases from east to west at the Sun; i.e. the
chosen case for the analysis
Parameters controlling the shape of the Reid-Axford injection
profile: (tc, tl) = (1.5, 0.5), (0.5, 0.1) and (1.5, 2.0); i.e. a fairly
short, intermediate and fairly long injection profile duration
Fig. 2a–d. Provides some examples of profiles that can be obtained
with the intensity CFG. It focuses on the influence of the c parameter.
Figure 3 focuses on the influence of the kr and (tc, tl) parameters with
the value of c that provides the maximum of discrepancy between the
profiles of the two spacecraft. The first panel shows, at the time of
injection, the source density gradient, across the field lines, projected
at one AU. With time, the profile moves towards the right, with
respect to the frame of the panel. The two axes represent the position
of the spacecraft with respect to the profile (i.e. not to the frame) at
the time of onset. This means that at the time of the beginning of the
injection, the two axes are shifted right so that the axis of the
downstream spacecraft coincides with one AU. The second and third
panels represent respectively, the flux and anisotropy profiles. The
dotted and short dashed lines represent respectively, the profile
measured by the downstream and upstream spacecraft. The long
dashed line is the profile that would be measured if there were no
intensity CFG. The maximum of that latter profile is arbitrarily set to
the highest maximum of the two other profiles; here 1000 part./
cm2.s.sr.keV. It has to be noted that the background level, set here at
10 part./cm2.s.sr.keV, plays an important role in the profiles, mainly
the anisotropy (it rounds, reduces and shifts the anisotropy
maximum). The existence of discrepancies, between the upstream
and downstream spacecraft anisotropy profiles, is only due to the
background level. The af and aa coecients have been arbitrarily set
to 1.0 and 0.3, respectively, in the calculation of the v2t value
comparing the profiles at both spacecraft. The fourth panel shows the
injection profile at the source
c
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Indeed, a high gradient would make the dierence at the
two spacecraft big but limited to a short period, close to
the onset. Oppositely, a slow gradient would make the
dierences extend through a long period but small.
Therefore, the biggest v2t must be found for intermediate
values of the amplitude of the gradient.
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The v2t is also governed by the slope of the ‘‘true’’ flux
profile at the time of influence of the CFG (Table 2b).
For a given c value, a slow variation should reduce the
amplitude of the discrepancy while a rapid one should
increase it, so reducing the v2t value. However, this eect
would be also balanced by a modification of the duration
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of the period of discrepancy: a slow variation would
make the discrepancy lasting longer. This can be seen in
Table 2b in which the classic parameter values are first
sorted according to c then to the v2t . For values of
c >cmax the influence of the duration will overwhelm
the influence of the amplitude of the discrepancy because
the latter is mostly located in the decay phase. This is
exactly the opposite for c <cmax exhibiting a discrep-
ancy mostly located in the early phase of the event.
Therefore, values of the classic parameters decreasing
the absolute value of the flux profile gradient, increase
and decrease the v2t , respectively for values of c >cmax
and c <cmax. For instance, a decrease of kr will
increase the v2t for c  10ÿ3 and decrease it for c  10ÿ5.
Influence of other parameters can be deduced from
the above analysis. For instance, for a given set of values
of the classic parameters, positioning the upstream
spacecraft closer to the Sun would certainly increase the
v2t value because of an increase in the amplitude of the
discrepancy. In addition, a decrease of the d value would
increase the duration of the influence of the discrepancy
and, therefore, also the v2t value.
Negative intensity CFG have also been examined. As
expected, the flux profiles are dierent and inverted: the
upstream spacecraft presents a higher profile than the
downstream one. However, the general discussion about
the influence of each individual parameter is similar.
One can also look at the scale of the variation of the
intensity at the Sun. Following the expression given by
Anderson and Dougherty (1986), to calculate the width
of interplanetary structures, the width of the CFG
region perpendicular to the IMF can be estimated by the
expression:
W  DR sinw 18
where DR is the radial width of the structure. Once done,
a gross estimation of the width at the Sun, Ws, can be
extrapolated. At 1 AU, W also represents the swept
angular distance U in radians which, in the ecliptic
plane, is equivalent to the dierence in heliolongitude.
Therefore, assuming w  45, we have:
Fig 3a–f. Shows the influence of the intensity CFG on the classic
parameter values. Panels are similar to those of Fig. 2. The numerical
values of the maximum flux, background level, af and aa coecients
are the same as for Fig. 2. However, profiles of only one spacecraft
are shown and used to simulate data with error bars. The outcome of
the fit, considering no CFG, of the classic parameters is plotted with
the solid line. The ‘‘true’’ numerical values are given within parenthesis
while the outcome of the fit is given with the uncertainty. As for
Fig. 2, the profile that would be measured, if there were no intensity
CFG, is plotted with a long dashed line. This figure is also used to
show complementary examples to Fig. 2. It focuses on the influence
of the kr and (tc, tl) parameters, with the value of c that provides the
maximum discrepancy between the profiles of both spacecraft
b
Fig. 3 Continued
c DR (AU) W (AU) Ws (km) F in degrees
10)3 0.080 0.057 40 000.00 3.2°
10)4 0.020 0.014 10 000.00 0.8°
10)5 0.005 0.004 2500.00 0.2°
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This shows that spacecraft separated by 106 km at
1 AU (U  0:3) can detect variations over spatial
distances of the order of a few thousands kilome-
ters of the Sun or, equivalently, of 1 in angular
distances.
2.3.3 Influence of the intensity CFG on the classic
parameters. One way of assessing the impact of the
intensity CFG on the classic parameters, is to adjust the
latter by fitting simulated flux and anisotropy CFG
profiles, from one spacecraft, and assuming no CFG.
Once done, one can compare the fitted and true values
as well as the fitted values obtained from one spacecraft
to another. Fits have been done for all the combinations
of the searched parameters given in the previous section
but for the kr  1:11 AU due to the numerical integra-
tion eect at these low values. They have been done for
both the upstream and downstream spacecraft. The
influence of the intensity CFG on the classical param-
eters is summarised in Tables 3 and 4. Table 3 gives the
rate of success for the various sets of searched parameter
values. In all cases, at the beginning of the fit, the initial
values of the classic parameter were the true values.
The fact that all fits converged successfully when the
influence of the intensity CFG is small (c  10ÿ5) is not
surprising. It is also uninteresting since the obtained
values are similar to the true one. The lack of success for
c  10ÿ3 can be due to the lack of good initial parameter
values when starting the fit, of af and aa not well chosen,
etc. However, more likely, some of the profiles obtained
with the intensity CFG cannot be described only with
the classic parameters. In other words, the various
combinations of mean free path value and injection
profiles do not cover an infinite range of flux and
anisotropy set of profiles.
The c value that gives the biggest dierence of the
flux profiles between the upstream and downstream
spacecraft produces the fit that is most likely to succeed.
In that case the failure of some of the fits are more likely
due to poor initial conditions. Indeed, changing the
initial conditions on some of the failing cases, leads to
almost successful fits.
Table 4 gives the values of the classic parameters
found for the successful, or quasi-successful, fit. Figure 3
provides a visual appreciation of the quality of the fit.
Table 2. Variations of the importance, with respect to the kr tc, tl,
and c parameters, of the position of the spacecraft, within the IMF
lines at onset time: the importance increases with the v2t
kr (AU) tc (h) tl (h) c (AU
2) v2t v
2
t
Flux Anisotropy
a
0.08 1.5 2 1.00E)05 1.73E)08 4.99E)08
0.08 1.5 0.5 1.00E)05 2.82E)07 6.94E)07
0.28 1.5 2 1.00E)05 1.98E)04 4.44E)04
0.28 1.5 0.5 1.00E)05 1.14E)03 1.53E)03
0.08 0.5 0.1 1.00E)05 2.15E)03 1.75E)03
1.11 1.5 2 1.00E)05 7.95E)03 9.16E)03
1.11 1.5 0.5 1.00E)05 2.39E)02 1.54E)02
0.28 0.5 0.1 1.00E)05 6.43E)01 4.64E)02
1.11 0.5 0.1 1.00E)03 6.55E)01 4.22E)03
1.11 0.5 0.1 1.00E)05 2.40 7.39E)02
1.11 1.5 0.5 1.00E)03 4.16 4.53E)02
0.28 0.5 0.1 1.00E)03 4.71 6.74E)03
1.11 1.5 2 1.00E)03 10.46 2.21E)01
0.28 1.5 0.5 1.00E)03 11.14 1.16E)02
1.11 0.5 0.1 1.00E)04 16.24 3.95E)01
0.08 0.5 0.1 1.00E)03 18.21 4.64E)03
0.28 1.5 2 1.00E)03 18.83 2.35E)02
0.08 1.5 0.5 1.00E)03 23.61 6.64E)03
0.08 1.5 2 1.00E)04 28.77 2.26E)01
0.08 1.5 2 1.00E)03 29.99 8.11E)03
0.28 0.5 0.1 1.00E)04 30.66 2.23E)01
1.11 1.5 0.5 1.00E)04 37.46 7.56E)01
0.08 1.5 0.5 1.00E)04 42.09 2.03E)01
0.28 1.5 0.5 1.00E)04 43.50 3.42E)01
1.11 1.5 2 1.00E)04 43.82 6.82E)01
0.28 1.5 2 1.00E)04 46.55 3.63E)01
0.08 0.5 0.1 1.00E)04 46.64 1.54E)01
b
0.08 1.5 2 1.00E)05 1.73E)08 4.99E)08
0.08 1.5 0.5 1.00E)05 2.82E)07 6.94E)07
0.28 1.5 2 1.00E)05 1.98E)04 4.44E)04
0.28 1.5 0.5 1.00E)05 1.14E)03 1.53E)03
0.08 0.5 0.1 1.00E)05 2.15E)03 1.75E)03
1.11 1.5 2 1.00E)05 7.95E)03 9.16E)03
1.11 1.5 0.5 1.00E)05 2.39E)02 1.54E)02
0.28 0.5 0.1 1.00E)05 6.43E)01 4.64E)02
1.11 0.5 0.1 1.00E)05 2.40 7.39E)02
1.11 0.5 0.1 1.00E)04 16.24 3.95E)01
0.08 1.5 2 1.00E)04 28.77 2.26E)01
0.28 0.5 0.1 1.00E)04 30.66 2.23E)01
1.11 1.5 0.5 1.00E)04 37.46 7.56E)01
0.08 1.5 0.5 1.00E)04 42.09 2.03E)01
0.28 1.5 0.5 1.00E)04 43.50 3.42E)01
1.11 1.5 2 1.00E)04 43.82 6.82E)01
0.28 1.5 2 1.00E)04 46.55 3.63E)01
0.08 0.5 0.1 1.00E)04 46.64 1.54E)01
1.11 0.5 0.1 1.00E)03 6.55E)01 4.22E)03
1.11 1.5 0.5 1.00E)03 4.16 4.53E)02
0.28 0.5 0.1 1.00E)03 4.71 6.74E)03
1.11 1.5 2 1.00E)03 10.46 2.21E)01
0.28 1.5 0.5 1.00E)03 11.14 1.16E)02
0.08 0.5 0.1 1.00E)03 18.21 4.64E)03
0.28 1.5 2 1.00E)03 18.83 2.35E)02
0.08 1.5 0.5 1.00E)03 23.61 6.64E)03
0.08 1.5 2 1.00E)03 29.99 8.11E)03
For Table 2a, the values are sorted according to the flux v2t only.
For Table 2b they are first sorted according to c then to the flux v2t
Table 3. Summary of the fit outcomes of the simulated profiles.
There are three sets of tc; tl couples taken for each value of c and
k: (0.5, 0.1), (1.5, 0.5) and (1.5, 2.0). An unsuccessful fit is a fit that
provided negative values and/or a big v2t . A ‘‘close to successful fit’’
is a fit that would be likely to provide a smaller v2t value if the error
bars, i.e. af and aa, were slightly bigger
kr  0:277 AU kr  0:0792 AU
Downstream spacecraft
c  10ÿ3 All fits unsuccessful All fits unsuccessful
c  10ÿ4 1 close to successful fit 2 close to successful fits
c  10ÿ5 All fits successful All fits successful
Upstream spacecraft
c  10ÿ3 All fits unsuccessful All fits unsuccessful
c  10ÿ4 All fits successful 2 fits successful
c  10ÿ5 All fits successful All fits successful
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Only fits that have been successful for both spacecraft
and for the same set of searched parameters, are shown.
The dierence between the true and fitted values of
the classic parameters can be either negligible or very
significant. The ratio between the fitted and true kr
values is always higher than 1 and can be up to 3; i.e.,
kr can be overestimated by a factor 3. The values of tc
and tl can be either overestimated or underestimated.
The tc parameter can be overestimated by a factor of up
to 2 and underestimated by a factor of up to 6. The tl
parameter can be overestimated by a factor of up to 18
and underestimated by a factor of up to 2. Since these
are only examples, the values of those maximum factors
have to be understood as minimum ones.
For a given set of searched parameter values, the
mean free path is always more overestimated at the
downstream spacecraft. This is only due to the sign of
the CFG. Negative intensity CFG would produce
underestimated mean free path values. Therefore, de-
pending on the sign of the CFG, the mean free path will
be either over or underestimated. The value of the fitted
mean free path can vary by up to at least 40% (true:
kr  0:277 AU, tc  0:5 h, tl  0:1 h) between the
spacecraft, for this given configuration.
In conclusion, depending on the configuration of the
spacecraft location and of the profile of the intensity
CFG, if neglected, the influence of the latter on the
classic parameter can vary from insignificant to very
significant, the values being either under or overesti-
mated.
3 Rules for multi-spacecraft analysis
of associated independent physical processes
This section aims to determine some basic conditions
that would make possible the identification of the type
of CFG detected by multi-spacecraft analysis. When
fitting data we want to find the best values of the
parameters of the mathematical equation believed to
describe the phenomenon (e.g., the flux profile). This is
done by trying to minimise the v2 given in Eq. (14). For
clarity, let us assume that there are only two parameters,
p0 and p1, controlling the theoretical equation. In the
best case, the values of v2 will form a surface, in the (v2,
p0, p1) space, having one, and only one, minimum value.
The position of that minimum will give the desired p0
and p1 values. However, the v2 surface might not have
such well-defined unique minimum points. It might have
either a multitude of minimum points or be trench-like
in shape. In the first case the p0 and p1 values are well
defined but show numerous roots. In the second case,
Table 4. Comparison of the classical parameter fitted values to the ‘‘true’’ ones. Only outcomes following a converging fit, starting with the
initial parameter values equal to the true ones, are presented in this table
Spacecraft c kr ‘‘True’’
(AU)
kr ‘‘Fitted’’
(AU)
kr
r(AU)
kr Ratio
fit/true
kr Ratio
true/fit
v2t
Flux
v2t
Anisotropy
v2t Flux and
anisotropy
Upstream 1.0E)04 0.0792 0.084 0.001 1.06 0.94 0.126 0.097 0.111
Upstream 1.0E)04 0.0792 0.080 0.001 1.01 0.99 0.309 0.105 0.205
Downstream 1.0E)04 0.0792 0.105 0.001 1.32 0.76 16.859 3.474 10.080
Downstream 1.0E)04 0.0792 0.101 0.001 1.27 0.79 18.309 4.525 11.321
Upstream 1.0E)04 0.277 0.371 0.010 1.34 0.75 0.216 0.051 0.132
Upstream 1.0E)04 0.277 0.560 0.015 2.02 0.50 0.260 0.195 0.226
Upstream 1.0E)04 0.277 0.309 0.005 1.11 0.90 0.351 0.197 0.272
Downstream 1.0E)04 0.277 0.809 0.007 2.92 0.34 10.786 6.443 8.542
tc ‘‘True’’
(h)
tc ‘‘Fitted’’
(h)
tc r
(h)
tc Ratio
fit/true
tc Ratio
true/fit
Upstream 1.0E)04 1.500 0.794 0.034 0.53 1.89 0.126 0.097 0.111
Upstream 1.0E)04 1.500 1.315 0.029 0.88 1.14 0.309 0.105 0.205
Downstream 1.0E)04 1.500 0.258 0.008 0.17 5.80 16.859 3.474 10.080
Downstream 1.0E)04 1.500 0.383 0.023 0.26 3.91 18.309 4.525 11.321
Upstream 1.0E)04 1.500 0.870 0.041 0.58 1.72 0.216 0.051 0.132
Upstream 1.0E)04 0.500 0.716 0.066 1.43 0.70 0.260 0.195 0.226
Upstream 1.0E)04 1.500 0.870 0.025 0.58 1.72 0.351 0.197 0.272
Downstream 1.0E)04 0.500 0.875 0.024 1.75 0.57 10.786 6.443 8.542
tl ‘‘True’’
(h)
tl ‘‘Fitted’’
(h)
tl
r(h)
tl Ratio
fit/true
tl Ratio
true/fit
Upstream 1.0E)04 0.500 0.954 0.054 1.91 0.52 0.126 0.097 0.111
Upstream 1.0E)04 2.000 2.345 0.061 1.17 0.85 0.309 0.105 0.205
Downstream 1.0E)04 2.000 36.997 5.420 18.50 0.05 16.859 3.474 10.080
Downstream 1.0E)04 0.500 0.319 0.025 0.64 1.57 18.309 4.525 11.321
Upstream 1.0E)04 0.500 0.599 0.034 1.20 0.84 0.216 0.051 0.132
Upstream 1.0E)04 0.100 0.066 0.007 0.66 1.51 0.260 0.195 0.226
Upstream 1.0E)04 2.000 2.949 0.099 1.47 0.68 0.351 0.197 0.272
Downstream 1.0E)04 0.100 0.068 0.002 0.68 1.47 10.786 6.443 8.542
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there is an infinity of roots; it is equivalent to an
undetermined system of simultaneous equations, where
the number of parameters is higher that the number of
independent equations. Therefore, the first step is to
find a way of having a finite number of roots and the
second step is to try to identify which root is the correct
one.
If we want to identify a finite number of roots when a
trench is likely then we need to calculate another v2,
derived from the comparison of a dierent phenomenon
with another theoretical equation (e.g. the anisotropy
profile). The key point is that all theoretical equations
must use same p0 and p1 parameters that must have the
same numerical values; called hereafter the identity
condition. The overlapping of the two v2 surfaces may
provide this finite number of roots since only the (p0, p1)
values that give a minimum value for both v2 values are
kept. However, unless one has a full knowledge of the v2
surfaces, this might not be enough since trenches of the
v2 surfaces may share some common areas. Therefore, it
is better to have the number of independent functions at
least equal to, and preferentially higher than, the
number of parameters. This is the equivalent to an
over-constrained system of simultaneous equations and
will later be referred to as the solvability condition. Two
profiles are independent if their ratio evolves with
changes in the values of the parameters used in the
theoretical equations describing them.
There is no unique method to identify one root from
others and not even an obvious way to know in advance
whether there is more than one root possible. It is a
problem similar to the one related to the trenches and
the solvability condition applies: the more over-con-
strained the system, the higher are the chances of getting
a good set of parameters. To increase the overestimation
of the system one can increase the number of constraints
or decrease the number of parameters.
Increasing the number of phenomena can be done by
using several spacecraft. The potential new number is
equal to the number of phenomena per spacecraft
multiplied by the number of spacecraft. However, the
independent condition must be satisfied to be applicable.
For instance, it would not work if we want to identify
potential ambiguities between the tc and tl parameters of
Eq. (5) since, for those parameters, the SEP profiles are
not spacecraft position-dependent. However, it would
certainly work if we want to identify the CFG.
Decreasing the number of parameters is possible only
if the parameters can be uniquely grouped, among the
dierent equations, into well identified sub-equations. In
that case, if an equation contains more than one
parameter, several combinations of those parameters
may lead to identical results of the sub-equation. We can
then choose to search for the results of the sub-equation
rather than for an accurate values of the parameters.
For instance, the empirical equation used to describe the
cross-field gradients contains four parameters. However,
at this level of the study, what matters is more the profile
of the CFG than the numerical values of those param-
eters. That is why, in the latter, the CFG profile will be
considered as only one ‘‘parameter’’.
So far only three independent phenomena, for which
theoretical functions have been established, have been
identified and used to analyse the SEP profiles: (a) the
flux intensity, (b) the anisotropy, (c) the pitch angle
distributions (PADs). The flux intensity and anisotropy
profiles are used to find the values of the mean free path
and the finite injection profile It (see Eq. 5). Indeed, if
only the flux was used then there would be a trench
between the mean free path on one side and the It
profile on the other side. It has to be noted that It has
two parameters, called tc and tl, that need to be fitted.
This, a priori, violates the solvability condition unless
we assume that there is no ambiguity in the two
parameters value or consider It as a single parameter.
Assuming that there is no ambiguity means that, having
fixed the mean free path, it is assumed that there is no
trench in the v2 surface generated by the (tc, tl)
parameters. The third piece of information, provided
by the PADs, is used to characterise the variation of the
mean free path with the distance (assuming that
jz; l  jz  jl as shown in Kunow et al., 1991)
and the finite injection profile. All of this is valid if it is
assumed that any other features influencing the SEP
profiles are neglected, i.e. considered as ‘‘diculties’’
(Kunow et al., 1991).
Therefore, this section demonstrates, that multi-
spacecraft analysis can be used to dierentiate among
the various type of CFG if, across the phenomena and
the spacecraft, the identity, independence and solvability
conditions are fulfilled.
4 Conclusion
The general concept of CFG has been presented. It is a
generic name designating spatial variations, in the solar
wind frame, of the physical quantities controlling the
shape and amplitude of the SEP profiles. The particular
case of intensity CFG has been discussed and its
influence on the estimation of the classic parameters
(i.e. kr, tc and tl) assessed.
It has been shown that a CFG as simple as the one
originating in spatial variations of the source intensity
can influence significantly the shape of the flux profile. If
intensity CFGs, as such, exist, then two spacecraft,
located at 1 AU from the Sun and separated radially by
106 km (U  0:3), are well positioned to identify
reductions of the intensity of the injection of two orders
of magnitude over distances of 104 km (U  1) at
the solar surface.
It has also been shown that, if CFG are neglected,
then the numerical values of the classic parameters can
be under or overestimated by factors that can reach at
least 2–3 for the parallel mean free path (kr). They can
also be under or overestimated by a factor up to at least
6 and 18 for, respectively, the tc and tl parameters.
Three basic requirements needed to identify the
origin of the CFG from multi-spacecraft analysis have
been proposed. They have been called (a) the solvability,
(b) independence and (c) identity conditions. The (a)
solvability condition states that the number of param-
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eters (or profiles) that can be assessed should be lower or
equal to the number of independent profiles that can be
fitted. The (b) independence condition states that two
profiles are independent if their ratio evolves with
changes in the values of the parameters. The (c) identity
condition states that the parameters to be fitted must
represent the same quantities and have the same
numerical values across all the spacecraft and phenom-
ena used.
The spacecraft linked to the International Solar
Terrestrial Physics (ISTP) project are particularly well
suited and well positioned to study CFGs. The fleet of
ISTP (or associated) spacecraft is very likely to fulfil the
identity condition. Indeed most of them, because they
are all in the Earth’s vicinity, are likely to be considered
as being crossed by the same field lines (all depending on
the solar wind velocity) and in a time frame valid for
studying SEP. Unfortunately, most of them orbit
around the Earth. This means that they are not in the
solar wind the whole time i.e. a multi-spacecraft analysis
of one particular event will depend on how many
spacecraft are in the solar wind at the time of the event.
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Appendix: estimation of the flux and anisotropy
uncertainties
Information from particle detectors comes from counts measured
in individual angular sectors. These counts are then transformed
into various units depending on the scientific purpose. The
uncertainty on the number of counts is usually assumed to follow
Poisson’s law and therefore to be equal to:
rcl 

ycl
p
where c, means counts, and l the sector number. However, the
values fitted here are expressed in dierentiated flux units
(1=cm2.sr.s.keV). Therefore:
y fl  a2ycl
with ‘‘f ’’, meaning ‘‘flux’’. Since:
r fl
y fl
 r
c
l
ycl
then
r fl  af

y fl
q
:
Estimation of rf
This expression is valid for measurements made in individual
sectors and the uncertainty for omnidirectional flux must be
derived from it. The net flux is calculated from the flux in each
PAD as followed:
yf  1
4p
XL
l0
y fl DXl
where DXl is the solid angle swept by a given sector or pitch angle
of index l. Therefore:
rf  1
4p
XL
l0
r fl DXl
rf  a
f
4p
XL
l0

y fl
q
DXl
If the flux is isotropic then we get back:
r f  a f

y f
p
Indeed:
yf  1
4p
XL
l0
y fl DXl
y f  y fl
1
4p
XL
l0
DXl
y f  y fl
Therefore:
a f

y fl
q
 const.  a f

y f
p
r f  a f

y f
p 1
4p
XL
l0
DXl
r f  a f

y f
p
which is the expression to be used.
Estimation of ra
The anisotropy for both the model and the data has been
calculated using the expression (from, e.g., Kunow, 1991):
n 
PL
l0
lly
f
l DXlPL
l0
y fl DXl
l being the cosine of the pitch angle. The value of n is equal to 0
and 1 if the flux is, respectively, symmetric with respect to the 90
pitch angle and field aligned along one direction (n has to be
understood as equal to jnj).
Therefore:
ra  n
PL
l0
r fl DXlPL
l0
y fl DXl

PL
l0
jllDXlr fl jPL
l0
jllDXly fl j
0BBB@
1CCCA
ra  n
a f
4p
PL
l0

y fl
q
DXl
y f

PL
l0
jllDXla f

y fl
q
j
PL
l0
jllDXly fl j
0BBB@
1CCCA
For an isotropic flux we get:
ra  2n a
f
yf
p :
Although the flux intensity stays high, the anisotropy quickly drops
to values close to zero. Therefore, the points carrying the
information are concentrated around the onset and therefore
limited in number. Most of the anisotropy values are low and,
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when measured, quite statistical. Hence, if their associated uncer-
tainties are too small then those points will be the main contributor
to the value of the v2t . Their statistical distribution will be the main
driver of the fit instead of the smallest one (they usually lead to a
flattening of the fitted anisotropy profile). Increasing af will not
help because it will also increase the uncertainty of high anisotropy
values. What is required is an expression that increases faster (than
this one) the relative uncertainties with the decrease of nn. That is
why it has been arbitrarily chosen to use:
ra  a
a
y f
p
Validity of the ‘‘isotropic’’ approximation
Mathematically speaking, the ‘‘isotropic’’ approximation gives
maximum values of r fn and therefore a minimum v
2
t value. Indeed,
let us assume the extreme case where the flux is highly anisotropic
and concentrated in one pitch angle, then:
y f  1
4p
y fl DXl
yfl 
4py f
DXl
r f  a f

y fl
q
DXl
4p
r f  a f

y f
p DXl
4p
r
Since:
DXl
4p
r
< 1
the ‘‘isotropic’’ r f is therefore larger than the ‘‘anisotropic’’ one.
This would be similar for the uncertainty of the anisotropy.
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